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On the Construction of Skew Quasi-Cyclic Codes^^ 

Taher Abualrub, Ali Ghrayeb, Nuh Aydin, and Man Siap 



Abstract 

In this paper we study a special type of quasi-cyclic (QC) codes called skew QC codes. This set of codes is constructed 
using a non-commutative ring called the skew polynomial rings F[x;6]. After a brief description of the skew polynomial ring 
F[x;9] it is shown that skew QC codes are left submodules of the ring RI = {F[x;6]/{x'' ~ 1))'. The notions of generator 
and parity-check polynomials are given. We also introduce the notion of similar polynomials in the ring F[x; 6] and show that 
parity-check polynomials for skew QC codes are unique up to similarity. Our search results lead to the construction of several 
new codes with Hamming distances exceeding the Hamming distances of the previously best known linear codes with comparable 
parameters. 
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^ ] I. Introduction 

Since the introduction of Shannon theory in 1948, coding theorists have been trying to design powerful codes that approach 
i the Shannon capacity with reasonable complexity. Initially the focus was on designing codes that posses large minimum 
distances, resulting in several classes of linear block codes and convolutional codes. With the invention of turbo codes in 1993, 
_ ■ where more focus has been given to reducing the multiplicity of the minimum distance rather than increasing the minimum 
distance itself, concatenated codes that perform within a few tenths of a dB from capacity have been designed and incorporated 
in a number of communications applications standards. However, since these codes have been developed for additive white 
Gaussian noise (AWGN) channels, they may not be the best choice for most wireless communications applications in which 
i the channel normally suffers from severe fading. Such applications include cellular networks, wireless local area networks 
Q ^ and wireless sensor networks, to name a few. To this end, a relatively new class of codes termed space-time coding has 
been introduced, which includes space-time trellis codes [1] and space-time block codes [2], [3]. Such codes are suitable for 
multiple-input multiple-output (MIMO) systems where the transmitter and/or receiver are equipped with multiple antennas. It 
^ has been shown that a MIMO system with Nt transmit and Nr receive antennas achieves a spatial diversity of NtNr [1] — [3]. 
l/"^ To achieve better performance, one may need to combine error correcting coding with space-time coding since the former 
^-H coding method introduces temporal diversity. For example, in a coded MIMO system, the maximum diversity that can be 
achieved (over block faded channels with proper interleaving) can be as high as A^tAVd^iji, where d^j^j denotes the minimum 
. . Hamming distance of the error correcting code employed [4]. This suggests that having a code with a high minimum Hamming 
0^ distance is essential since it offers significant performance improvements. 

A significant portion of the work on error correcting codes for over the last sixty years has been on the construction of 
different types of codes defined over commutative rings. At the beginning, most of the research on error correcting codes was 
concentrated on codes over finite fields. More recently, it has been shown by many researchers (e.g., [5], [6], [10], [12]) that 
. ^ codes over rings are a very important class and many types of codes with good parameters can be constructed over rings. We 
believe that another important direction to consider is the construction of codes using non-commutative rings. Research on 
this topic is very recent and interesting. Boucher, et. al generalized in [8], [9] the notion of cyclic codes by using generator 
polynomials in a non-commutative polynomial ring called skew polynomial ring. They gave examples of skew cyclic codes 
with Hamming distances larger than previously best known linear codes of the same length and dimension [8]. 

Quasi-cyclic (QC) codes of index I over a finite field F are linear codes where the cyclic shift of any codeword by I positions 
is another codeword. QC codes of index I — 1 are well known cyclic codes. QC codes have been shown to be a very important 
class of linear codes [11], [18], [19], [22], [23], and [26]. Many of the best known and optimal linear codes that have been 
constructed so far are examples of QC codes (e.g., [11], [15], [16], [14], and [25].) 

In this paper we study the construction of skew QC codes. This work has been motivated by the fact that the class of skew 
QC codes is much larger than the class of QC codes, suggesting that better codes may be found in this class. Indeed, we have 
found many examples of skew QC codes that meet or exceed the parameters of best known linear codes. In particular we 
are interested in the study of 1 -generator skew QC codes and their properties. We show that this class of codes share many 
properties of QC codes. 
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The rest of the paper is organized as follows. Section II includes a brief description of the skew polynomial ring F[x; 6]. 
In Section III, we discuss the structure of skew QC codes where we show that this type of codes is a left submodule of 
Rl = {F[x;9]/{x^ — 1))'. We also discuss the dimension and the parity check polynomial for these codes. In Section IV we 
introduce the notion of similar polynomials. We will show that the parity-check polynomial of a skew QC code is unique 
up to similarity. Section V includes our search results. As a result of a search in the class of skew QC codes over GF{A), 
we obtain seven new linear quaternary codes with Hamming distances greater than previously best known linear codes with 
the given parameters. These new codes have the pai-ameters [48,12,24], [72,21,29], [48,16,20], [96,16,49], [100,20,47], 
[140,20,72], and [110,22,51]. We also construct a large number of skew QC codes with Hamming distances equal to the 
Hamming distances of the best known linear codes with the given parameters. Section VI concludes the paper. 

II. The Skew Polynomial Ring [a;; 0] 

Let F be a finite field of characteristic p. Let 6 be an automorphism of F with |(6')| = m. Let K be the sub field of F 
fixed under (9) . Then, [F : K] = m and K = GF{p^), F ~ GF{q) where q ~ p^"\ Moreover since K is fixed under then 
we have 9 (a) = for all a ^ F. 

Example 1: Consider the finite field GF(4) = {0, 1, a, a^} where + a + 1 = 0. Define an automorphism 

e : Gi^(4) -> Gi^(4) by 

e{z) = z". 

Then 61(0) = 0, d{\) = 1, 0{a) ^ and e{a'^) = a. Hence the fixed field K is just the binai-y field Gi^(2). 
Definition 1: Following the above notation, define the skew polynomial set F[a;; 0] to be 

, , r /(x) = ao + aix + 023;^ H ha„a;"| where 1 

^ ^ \ a,: e for alH = 0, 1, . . . , n J 

where addition of these polynomials is defined in the usual way while multiplication is defined using the distributive law 
and the rule 

{ax'){hx^) = ae'{h)x'+^. 
Example 2: Using the same automorphism from Exampl^U we get 

{ax){a'^x) = a9{a^)x'^ 

2 2 2 

= a ■ ax = a X . 

On the other hand we have, 

{a^x){ax) — a^9{a)x'^ 

2/ 2\ 2 2 

= a [a )x — ax . 

This shows that {ax){a'^x) ^ {a'^x){ax). 

Theorem 1: [20] The set F[x; 9] with respect to addition and multiplication defined above forms a non-commutative ring 
called the skew polynomial ring. 

The following facts are straightforward for the ring F[x;9] : 

1) It has no nonzero zero-divisors. 

2) The units of F[x; 9] are the units of F. 

3) deg(/ + 5) <max{deg(/), deg(5)} 

4) deg(/g) = deg(/) + deg(g). 

The skew polynomial ring F[x-, 9] was introduced by Ore [21] in 1933, and a complete treatment of this ring can be found 
in [17] and in [20]. 

Theorem 2: [20] (The Right Division Algorithm) For any polynomials / and g in F[x \ 9] with f ^ there exist unique 
polynomials q and r such that 

g = qf + r where deg(r) < deg(/). 
The above result is called division on the right by /. A similar result can be proved regarding division on left by /. 
Applying the division algorithm above one can easily prove the following Theorem. 

Theorem 3: [17] F[x;9] is a non-commutative principal left (right) ideal ring. Moreover any two sided ideal must be 
generated by 

f{x) = (ao + aix"' + aax^'" + . . . + a^x™) x\ 

where |(6')| = m. 

Corollary 1: Let 9 be an automorphism of F with |(6')| = m. Then (x* — 1) is a two sided ideal in F\x] 9] iff m\s. 
Lemma 1: (x* — 1) G ^ {F[x; 9]) for m\s, where Z {F[x; 9]) is the center of F[x; 9]. 
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Proof: Let f{x) = oq + aix + ■ • • + arX^ G F[x\ S\. Since m|s, then 9^{a) — a for any a £ F. Hence, 

(x* — 1) f{x) — (x* — 1) (ao + aix + • • • + QrX^) 

= Qqx'^ + aix'^^^ + • • • + UrX'^'^^ 

— ao — 0,iX + ■ • • — QrX^ 
= (Oo + aiX + • • • + UrX^) {x^ — 1) 

= f{x){x^-l). 

■ 

Lemma 2: [9] If g ■ h e Z {F[x; 9]) then g ■ h - g 

From Theorem [3] Lemma [T] and Lemma |2l we may conclude that the factors of x'* — 1 commute. Thus if / is a left divisor 
then it is a right divisor as well. This fact will help in reducing the complexity of factoring a;** — 1 in F[x; 9]. From now on 
we will say divisors or factors of x'^ — 1 without specifying left or right. 

Definition 2: A polynomial / is called a left multiple of a polynomial d (in this case d will be called a right divisor of /) 
if there exits a polynomial g such that 

Definition 3: A monic polynomial d is called the greatest common right divisor (gcrd) of / and g if 

1) d is a right divisor of / and g, and 

2) If e is another right divisor of / and g then d = ke for some polynomial k. 

The greatest common left divisor (geld) of a and 6 is a monic polynomial defined in a similar way. Similarly we define the 
least common right multiple of a and b lcrm[a, b] and the least common left multiple of a and b, lclm[a, b] 
Theorem 4: [21] gcrd, geld, Icrm, and Iclm can be calculated using the left and right division algorithms. 



in. Skew Quasi Cyclic Codes 

Definition 4: Let _F be a finite field of characteristic p with q ~ p™* elements, and let B be an automorphism of F with 
\{S) \ = m. A subset C of F" is called a skew quasi-cyclic code of length n where n = si, m\s, and index I if 

1) C is a subspace of F". 

2) If 

Co,Oi Co,l, . . . , Co,i-l, Cifi, C14, . . . , Cij_i, . . . 
Cs-1,0, Cs-1,1, . . . , Cs-lJ-1 



6 C 



then 

T ^(Cs-l.o),fi'(Cs-l.l), ■ • ■ ,6'(Cs-l.(-l),6'(co.o), \ ^ r' 

'^'''^ ' '[■■■, 9{C„J^,), . . . , 9{Cs-2fi), 9{Cs-2J-l) J 

The map s,; will be referred to as skew cyclic shift operator Thus skew QC codes are linear codes that are closed under 
skew cyclic shift. If 9 is the identity map, then skew QC codes are just the standard QC codes defined over F. 

In [8], Boucher, etc. studied skew cyclic codes over F. They showed that a code C is a skew cyclic code if and only if C 
is a left ideal generated by g{x) where g{x) is a right divisor of a;" — 1. 

Recall from Corollary [T] that — 1 is a two sided ideal iff m\s. Because of this, we will always assume that C is a skew 
quasi-cyclic code of length n where n — si, Tn\s, and index I. 

In this paper we focus on skew QC codes over the finite field F — GF{4:) even though most results can be generalized to 
any finite field. 

The ring R], = {F[x; 9]/{x'' — 1))' is a left Rs — F[x; 9]/{x'' — 1) module where we define multipUcation from left by 

f{x) {gi{x),g2{x), . . .,gi{x)) 
= {f{x)9i{x), f{x)g2{x), f{x)gi{x)) . 

Let c = f ^O'"' "^"'1' ■ ■ ■ ' ""o.s-uci^o, ci,i, . . . , c.j^i, \ ^^^^^^^ _ ^^^^^ a map : F^' ^ R[ by 

V ■ ■ ■ , Q-1,0, ■ ■ ■ ' Ci-i,s-i / 

0(c) = {co{x),Ci{x), . . . ,Q_i(a;)) 

where 

s-l 

Cj.(x) = c,,.jx' e F[x; 9]/{x'' - I) for j = 0,1, . . . ,1 - 1. 

i=0 

The map cj) gives a one to one correspondence between the ring F'*' and the ring i?' . It is also a vector space isomorphism 
between F*' and i?^, when considered as vector spaces over F. 

Theorem 5: A subset C of F" is a skew QC code of length n = si and index / if and only if (p (C) is a left submodule of 
the ring i?^. 
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Proof: Let C be a skew QC code of index I over F. We claim that (/)(C) forms a submodule of where <j) is the map 
defined above. Clearly, 0(C) is closed under addition and scalar multiplication (by elements of F). Let 



for 



(/)(c) = (co(x),ci(a;), . . . ,c;_i(x)) e (1){C). 



c = 



co,0) co,i, . . . , f;o,.,-i, ci^o, C14, . . . , 

Cl,s-1, • • • , Q_i,o, . . . , Q_i,s_i 



Then 



X(f){c) 



{xco{x),xci{x), . . . ,,Tq_i(x)) 
/ 61 (c,_i,o) + 6* (co,o) x + • • • + \ 

e (cs-2,0) x^-i, 61 (cs_i,i) + e (co,i) X + • • • 
+61 (cs_i,i) . . . , 61 (c,_i,i_i) + 
V 0(co,i-i)a; + --- + 0(c,_ij_i)x«-i / 

\ 



e 0(C). 



/ 6* (cs-1,0) , 6' (cs-1,1) , . . . , 

6'(Cs-l,i-l),^(co,o),^(co,l),. 

6'(co,i-i) , . . . ,6'(cs-2,o) , 
\ ^^(c,_2a),•••,e(cs-2,^-l) ; 

Then, by linearity it follows that p{x)((){c) € 0(C) for any p(a;) G i?s. Hence 0(C) is a left submodule of i?^. 

Conversely, suppose D is an i?s left submodule of R\. Let C = (j)~^{D) = {c e F" : 0(c) e .D}. We claim that C is 
a skew QC code over F. Since is a vector space isomorphism, C is a linear code of length n over F. To show that C is 
closed under skew cyclic shift, let c = (co,o, co,i, . • • , co,s-i, ci,o, ci,i, . . . , ci,s_i, . . . , Ci_i,o, c;_i,i, . . . , Ci_i,s_i) € C. Then, 
0(c) = (50 (a^), 51(3^), . . . ,gi-i{x)) e D, where gj{x) = X)i=o "-^.i^* for j = 0, 1, 1. From the above discussion, it 
is easy to see that 0(r0,5^;(c)) = x {gQ{x) , gi{x) , . . . gi-i{x)) = {xgo{x),xgi{x), . . . ,xgi-i{x)) e D. Hence T0,s,;(c) e C. 
Therefore C is a skew quasi-cychc code C. ■ 

From now on we concentrate on 1-generator skew QC codes that are cyclic left submodules of R[. i.e. any skew QC code 
C that has the form 

C = {f{x){gi{x),g2{x),...,gi{x)) : /(x) G Re } ■ 



Sometimes we denote this by 



C 



f{x)G{x): f{x)GR, and 
G{x) = {gi{x),g2{x),...,gi{x)) 



Theorem 6: Let C be a one generator skew QC code of length n = si and index I. Then C is generated by an element of 
the form 

{Pi{x)gi{x),p2{x)g2{x), . . . ,pi{x)gi{x)) 

where gi{x) is a divisor of (x* — 1) . 

Proof: Let C be a 1-generator skew QC code generated by (/i, /2, . 



Ili{{kfl,kf2 



, fi). For all 1 < i < / define the following map 

n, : C ^ i?, by 
,kfi)) = kf^. 



The function 11, is a module homomorphism. It is clear that the image of Ilj is a left ideal and thus is a skew cyclic code in 
Rg. Therefore, kfi G 11 j(C) = {gi) for alH = 1, 2, . . . , L Hence, 



C = {pi{x)gi{x), P2{x)g2{x), . . . ,pi{x)gi{x)) , 



where gi{x) is a divisor of (x* — 1) . 
Definition 5: Let 



C = (pi(x)fifi(x),p2(x)s'2(x), . . . ,pi{x)gi{x)) 
be a skew QC code of length n = si and index /. The unique monic polynomial 



g{x) = geld 



Pi{x)gi{x),p2{x)g2{x), 
■■■,Pl{x)gi{x),x'' - 1 



is called the generator polynomial of C 
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Definition 6: The monic polynomial h{x) of minimal degree such that 

/ P2(x).g2(.), \ (o,0,...,0) 

V ■ • ■ ^Pii^)9i{x) J 

is called the parity-check polynomial of C 

Theorem 7: Suppose d{x) — gcrd{f,g), then there are polynomials polynomials a{x), and b{x) such that 

a{x)f{x) + h{x)g{x) = d{x). 

Proof: The proof is similar to the case of gcd(a, h) when the ring is commutative. Suppose d{x) = gcrd{f, g). Consider 
the left ideal generated by {f{x),g{x)). Since Fq[x;9] is a principal left ideal ring, there exists a polynomial h{x) such that 
{f{x),g{x)) — {h{x)). Hence f{x) — ri{x)h{x) and g{x) = r2{x)h{x). But d{x) = gcrd{f,g) implies that d{x) = k{x)h{x) 
and {d{x)) C [h{x)). Since d{x) = gcrd{f,g) then f{x) and g{x) eleft ideal {d{x)) . Hence {h{x)) C {d{x) and we have 
{d{x)) — {f{x),g{x)) — {h{x)). Therefore there are polynomials a{x), and b{x) such that 

a{x)f{x) + h{x)g{x) = d{x). 

■ 

Corollary 2: Suppose d{x) — gcld{f,g), then there are two polynomials a{x), and b{x) such that 

f{x)a{x) + g{x)b{x) ~ d{x). 
Lemma 3: Let g{x) and h(x) be the generator and the parity-check polynomials of a skew QC code C. Then 

x^ — 1 = h{x)g{x) — g{x)h{x). 

Proof: Since g{x) = geld ^ ' j , then a;" - 1 = g{x)k{x) for some polynomial k(x). Note that 

by Lemma|2] we have x^ — 1 = g{x)k{x) = k{x)g{x). Note also that pi(x)gi(x) = g{x)ai{x) for alH = 1, . . . , L Hence we 
have 

k(x) ( ^'i(^)5i(^)'^'2(a;)ff2(2:), 
V ■ ■ ■ ^Piix)gi{x) 

9{x)ai{x),g{x)a2{x),\ _ ,r. r.. 
^^^^1, ...,ai{x)g{x)ai{x) ) ~ 

Hence k(x) = q{x)h{x) and degfc(a;) > degh{x). Now by Corollary |2l there are polynomials ai{x) such that 

pi{x)gi{x)ai{x) + P2{x)g2{x)a2{x) + ... 
+ {x'' - l)ai+i{x) 

= g{x). 

Hence, 

h{x)pi{x)gi{x)aiix) + h{x)p2{x)g2{x)a2{x) 
+ ... + h{x){x' ~ l)a,+i(a;) 
= h{x)9{x) 
= h{x)g{x). 
x" — 1 

This implies that degh{x) > deg — = degk{x). Therefore k{x) = h{x). 

9(x) 

Definition 7: Let C = {G{x)) be a skew QC code. The annihilator of C is the set 

/ = {r{x) : r{x)F{x) = for all F{x) e C} . 

It is clear that / is a left ideal in Rg. 

Lemma 4: Let C = G{x) be a skew quasi-cyclic code with annihilator /. Then / = {h{x)) and 

C ^ Rs/I, and 
dimC = degft-(a::). 

Proof: Define the map 

^ : i?^ C by 
vl/(r(x) = r{x)G{x) 

^ is an onto module homomorphism with ker^ — I — {h{x)) . Therefore C = Rg/ {h{x)) and hence dimC — degh{x). 
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IV. Similar Polynomials in F[x; 6]. 

In the case of QC codes in the ring F\x\, we know that the parity-check polynomials are unique up to a unit. In the case of 
skew QC codes things are not as straightforward as in the case of QC codes. To study the parity-check polynomials we need 
to introduce the notion of similar polynomials in the ring F[x; 9\. Our main result is to show that two polynomials hi and /12 
are parity-check polynomials for a code C if and only if hi and /12 are similar polynomials. 

Definition 8: Two elements a and 6 in a ring R are called right similar if there is a it G i? such that 

gcld{u, b) = 1 and 

ua = lcrm[u,b]. 

Left similar elements can be defined similarly. 

Example 3: Let F be any field of characteristic p. We will show when two Unear polynomials Pi{x) = x — a and P2 = x — f3 
are right similar. 

Let u = c G F, then gcld{u,p2) = 1 and cc~^p2 is a right multiple of u and p2. Hence, [u,p2] = cpi iff 

cc~^P2 = cpi7 = c{x — 01)7 for some 7 € 

Hence, 

X — P = c0{'y) — caj = C7P — caj. 

This implies that 

1 = C7^ and /? = caj. This implies 
13 = aj^-P' or a/3-1 ^ ^p*-i g p 

Therefore, a; — a is similar to x — (3 iff aP~^ = 7^*"^ g F. 

If we consider the field GF{2^) and the frobenoius automorphism we can conclude that the polynomials pi{x) = x — 1, 
P2{x) = x ~ a and pzix) = x — are all right similar. 

Theorem 8: If a and b are right similar then they are left similar. 
Proof: Suppose there is a u G i? such that 

gcld{u,b) = 1 and 

ua = lcrm[u,b]. 

Let 

m = ua = lcrm[u, b]. 

Then m = ua = be for some c. This shows that 

lclm[c, a] = m. 

Now suppose gcrd{c, a) = d, then 

c = aid and a = a2d. 

Hence, 

m = ua = ua2d = bc = baid. 

This implies that 

lcrm[u, b] = ua2 = bai ^ m. 

A contradiction. Hence gcrd{c, a) = 1. This shows that a and b are left similar. ■ 
From now on we if a and b are right similar we will say that they are similar. In the case that the ring is commutative then 

two elements are similar iff they differ by a unit. 

Theorem 9: Let hi [x) be a parity-check polynomial of a skew QC code Ci , and let /12 {x) be a parity-check polynomial of 

a skew QC code C2 then d = C2 iff hi{x) is similar to h2{x). 

Proof: Suppose Ci = C2. Then Rs/ {hi{x)) Rs/ {h2{x)) . Let 

^:Rs/{hi{x))^Rs/{h2{x)) 

be such a module isomorphism. Suppose $(1 -|- {hi{x))) = a + {h2{x)) then 

$(r -I- {hi{x))) =ra+ {h2{x)) for any r e Rs- (1) 

In particular we have 

$(/ii + {hi{x))) = hia + ih2{x)). 
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Since $ is a module isomorphism we must have 

<i>{hi + {hi{x))) = h2{x) = 0. 

This implies that hia G {h2{x)) and hence hia = r2ft.2 ~ 'm. 
Since $ is surjective then there is c G i? such that 

<^{c+{hi{x)))=ca+{h2{x)) ^\ + {h2{x)). 

Hence ca — 1 G (^,2(2;)). This gives 

ca — 1 = l{x)h2{x). Or 
ca — l{x)h2{x) ~ 1. 

Hence 

gcrd{a, h2{x)) = 1. (2) 

Suppose lclm[a, h2{x)] = k. Then 

k = aia = 02/^2 G (^2(2;)). 

Since $ is injective then ai G Hence ai = tihi{x) and k — tihi{x)a. But we have hia = r2/i2 = m. Therefore 

lclm[a, h2{x)] — hia. (3) 

From equations |2] and |3] we get that /ii (x) and /i2 (a;) are (left) similar 
Now suppose hi{x) is (left) similar to h2{x). Then there is u such that 

gcrd{u, /12) = 1 and 
lclm[u,h2] — hiu 

Define 

: RJ {hi{x)) ^ R,/ {h2{x)) 

by 

*(r + (/ii(a;)) = ru + (/i2(a;))- 

It is clear that ^I* is a module homomorphism. It is left to show that ^E* is a bijective function. 
Since gcrd{u, ft.2) = 1 then ciu + C2/12 = 1 for some ci and C2 G Rs- This implies that 

*(ci + {hi{x)) = cm + (h2{x)) = 1 + {h2{x)). 

So for any r + {h2{x)) G Rs/{h2{x)) we have 

*(rci + (/t2(a;))) = r*(ci + {h2{x))) = r + {h2{x)). 

Therefore ^ is surjective. Suppose 

«'(s + {hi{x)) = su + {h2ix)) = h2{x) 

for some s. Then su G (/i2(2^)). So, 

su = rh2{x) for some r. 

Since k/m[w, /12] = hiu, we have 

su = tihiu. 

To show 4* is injective we need to show that s G {hi{x)). By the right division algorithm we have 

s = qihi + ri where degri < deghi. 

This implies that 

su = qihiu + riu riu G (/i2(x)) 
Since lclm[u, /12] — hiu then riu — t2hiu G {hi{x)). If ri G (/ii(a;)) then 

s = qi/ii + ri G 

and hence 5' is injective. If ri ^ then repeat the right division algorithm again until we get a remainder G {hi{x)). 

This implies r^-i, ri_2, • . • , s G Therefore ^I^ is injective and hence it is an isomorphism. ■ 
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V. Search Results 

The Hamming weight enmnerator, Wc{y), of a code C is defined by 

wliere w{c) is tlie number of the nonzero coordinates of the codeword c and Ai = \{c € C\w{c) = i.e. the number of 
codewords in C whose weights equal to i. 

The smallest non-zero exponent of y with a nonzero coefficient in Wc{y) is equal to the minimum distance of the code. 

We know that the ring F[x\ is a unique factorization domain and the polynomial a;* — 1 has a unique factorization as a 
product of irreducible polynomials in F[x]. Things are different in the ring F[x; 6]. The skew polynomial ring F[x; 9\ is not 
a unique factorization domain and hence polynomials in general do not have a unique factorization as a product of irreducible 
polynomials. 

Example 4: Consider x^ — 1 over F = GF{A). We have 

x^ -I = {x- l){x - 1) 
= {x — a){x — a^), 

and 

x^-l = {x-lf 

= {x + a){x + a'^){x + a){x + a^) 
= {x + a){x + a){x + a^){x + a^) 

= {x + a){x + a'^){x + l){x + l). 

One of the main problems of coding theory is to construct codes with best possible parameters. There is a well known table 
of linear codes with best known parameters over small finite fields [13]. The computer algebra system Magma also has such 
a database [7]. Researchers continuously update these tables as new codes are discovered. As the gaps narrow in the tables, it 
gets more and more difficult to find new codes. Many of the new codes discovered in recent years have come from the class 
of QC and QT codes (e.g., [6], [14], [15], [25]). One advantage of studying codes in F[x; 6] compared to codes over F[x] is that 
the number of factors of x^ — 1 in F[x; 9] is much larger. Therefore, there are many more skew cyclic and skew QC codes 
in F[x;6] than there are cyclic and QC codes in F[x]. This suggests that it may be possible to find new codes in the ring 
F[x; 9] with larger Hamming distances. Our search has yielded a number of skew QC codes with best known parameters. We 
call such codes "good codes". Seven of these codes lead to improvements in the table [13]. These are called "new codes". 
The improvement on minimum distance is 1 unit in each case. We present these codes in the rest of this section. These results 
show that the class of skew QC is a promising class that deserve further attention. 

In view of the previos sectiond and the findings obtained therin, our strategy to search for new codes or good codes is as 
follows: Choose an integer s, and find a factor 5 of — 1 in F[x; 9] (where F = GF(4) = {0, 1, a, a^}). Then search for 
polynomials /i, /2, . . . , fi-i so that the skew QC codes of the form (g, /i • g, . . . , fi^ig) have large minimum distances. We 
have used the computer algebra system Magma to carry out all of the computations. 

Example 5: We consider a skew 2-QC code of length 48. Hence, we need a factorization of x"^* — 1. One such factorization 
is x'' - 1 = g ■ h where g = x^^ + ax^ + x^ + ax"^ + ax^ + x^ + a^x^ + ax^ + ax"^ + a?x + and h = + ax^ + + 
ax'^ + a?x^ x° + ax"^ + ax^ + a^x"^ + a^x + a. Letting f = x^^ + a^x^Q + ax^ + a^x'' + + a^x^ + ax** + ax^ + x + a, 
the code generated by (^r, / • 5) has parameters [48, 12, 24] over Gi^(4). This code has a larger minimum distance than the 
previously best known code with the same length and dimension. 

The weight enumerator of this code is as follows: 

W^c = 1 + 3390^24 + 4608y25 + 19944y26 + 25968y27 + 996122/28 + 124272y29 + 388872^^0 + 4273922/31 + 1 125315y32 + 
958464?y3-'' + 2102544?;-'''* + 1529568?/35 + 2798568?y36 + 1613664y37 + 2320272t/38 + 1078272y39 + 1224378i/'^° + 436608?/'** + 
3450962/*2 + 84 5 282/43 + 54 9 722/'"' + %\Vly^'^ + 2m^j^^ + Vily'^^ . 

Example 6: Let us consider a skew 3-QC code of length 72. We again need a factorization of x^'' — 1. Here is another 
factorization of x^^ — 1: x^^ — 1 = g ■ h , where g = x^ + a^x^ + 1 and h = x^* + ax^" + x*^ + a^x** + x*^ + x*^ + ox*^ + 
X** + a^x*" + X* + x^ + ax^ + x^ + a?x^ + 1. Now let /i = x^° + x*^ + x*^ + a^x*^ + ax*'* + a^x*^ + a^x*^ + a^x** + 
+ a^x^ + x^ + x'^ + ax^ + a^x^ + ax"^ + 1 and /2 = x*^ + a^x*^ + x*° + x^ + x^ + a^x'^ + ax^ + ax and consider the 
code C generated by ((/, /i ■ g, f2 ■ g)- It is a [72, 21, 29] code and therefore better than the previously best known code with 
parameters [72, 21, 28]. The weight enumerator of C is also available (but not printed here). 

In the rest of the examples, we use the trivial factor of 1, therefore the generators of the codes are of the form {fi, fi, ■ ■ ■ , fi)- 
We shall refer to such codes as non-degenerate skew QC codes (since the codes of the form (/i.g, /2,9, • • • , fig) with deg g > 
are sometimes referred to as degenerate QC codes in the literature). The polynomials are represented by a list of coefficients 
of increasing powers. Hence, the sequence aOOlaa^l represents the polynomial x^ + a^x^ + ax* -|- x^ -|- a. 
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TABLE I 

Parameters and Generators of the Good skew QC Codes of index 2 



Parameters 


g 


/ 




40,9,21] 


aa-'00ala''a-'10al 


aOOOOaa-^Ol 




40, 10, 20] 


aOlaOaa^ 11 


a''a^a-' OOalaa-^l 




40, 11. 19] 


(1 lOn {1(1 (i^ Ic/ 1 


allao^lOOH^Ol 




40, 12. 18] 


101a-()0(ia-l 


l(ll{){)(lU,(l<l(l~lll 




40, 14, 16 




lOa^laOl 


llaaa"^ aOll 




40, 16, 15 




10001 


aaOa^OlOlla^ la^Oa^ 




40, 17,14 




a^la^l 


a^olo^lOa^OaOa^a^a^Oa^ll 




44, 12,20 




lllllaalla^l 


aOOOa-* a^ aaOa^ al 




48, 11,24 




laa^laOa^alOOlOl 


aaaaa"' lalOal 




48, 12,23 




allOa^la^alla^a^l 


la^OllOOlOall 




48, 13,22 




a^aa^OOalOOlll 


OOOlaOa^ a^a^aaa^l 




48, 14,21 




lla^a^alOa^lOl 


lallOlOala^aall 




48, 15,20 




a^aOlala^lll 


laa'^a^a-^a^a-^aOaalall 




48, 16, 19 




aOOlOla^al 


a'' aOalalaalaa*^ aa'^a'^1 




52, 13, 24 




a^a^aa^ 10a"' lallaol 


aa'' llaa-^ la-^a-^a-^a^ 11 




60,11,32 




aaa^a^a^a^llaallOOOOaall 


ao^aa^Oaa^ala^l 




60, 14, 28 




lla^alla^a^a^a^aa^a^a^a^al 


a^Oa^aOallOa^lOll 



Example 7: A [48, 16, 20] -code generated by /I = Oa^a^aOa^lQa^Qalla^a^l, /2 = lOOa^Oa^a^aa^la^la^Oa^O, /3 = 
a^aaOa^Oaala^aaaOaa. 

Examples: A [96, 16, 49]-code generated by /I = Oa^a^lao^OaalOOa^aOa, /2 = Wa'^aaOOa'^a^Ua'^laOa^, /3 = 
Oa^a^OOaaaa^lala^Oaa^, /4 = aOa^OOaOa^aaOaalaH, /5 = a^OUOUa^lalo^alll, /6 = alOOa^a^a^alaOOlaa^a^ 

Example 9: A [100, 20, 47]-code generated by 
fl = aOOa^a^QQla^a^a^Qllala^all, 
/2 = Ola^OalaOlo^lalaOlOOla^, 
/3 = alaolOOlaa^OOOOa^ala^a^l, 
/4 = lalaalla^a^aa^Oa^aOOlOa^l, 
/5 = a^Olllaa^la^aa^a^aOa^Olall 

Example 10: A [140, 20, 72]-code generated by 
fl = lo^a^aalolOaa^lOaOla^a^Ol, 
/2 = aaOa^Ola^aaOaOalaalalO, 
/3 = a'^a'^a^laa'^alaOaaa^a'^OaaOaa, 
/4 = lOOOlaaa^OaOlOa^a^aOOlO, 
/5 = allOOlalaVlaa^lOaa^la^a, 

f7 = a^lQllQQOa^a^Ola^Ola^aa^a^l 

Example 11: A [110, 22, 51]-code generated by 
fl = la^OlOaaOo^Ola^lOOoOo^aOa^O, 
/2 = a^aOlOlaa^la^a^la^llaaa^OOa^l, 
/3 = OOa^aOOa^Ola^aalOOaOa^alla^ 
/4 = OloOlOlOa^llaOllOOaVala, 
/5 = a^OaOa^a^aOOa^alOaOaaala^la 

We summarize the rest of the results of our search that yielded good codes in the following three tables. 

VI. Conclusion 

In this paper, we study the structure of 1 -generator skew QC codes in the non-commutative ring F[x]6]. We have shown 
that skew QC codes are left submodules of the ring = {F[x\ff\/ [x^ — 1))'. We also introduced the notion of similar 
polynomials in the ring F[x]9] and showed that parity-check polynomials are unique up to similarity. Our search results 
showed the construction of several new linear codes with Hamming distance larger than the Hamming distance of the best 
linear codes with similar parameters. An important problem that needs to be addressed is an efficient method of obtaining all 
factorizations of a;" — 1 in the skew polynomial ring. Also, a BCH type bound for skew cyclic and skew QC codes is a future 
topic of interest. 
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TABLE II 

Parameters and Generators of the Good skew QC Codes of index 3 and 4 



Parameters 


9 


71 


72 


73 




48, 11,24] 


laOla-^l 


laa"^ lalaalll 


a^a^aalll 






48, 13,22] 


alal 


aa-^aOaaOlaalOl 


aa^a^Ollall 






48, 14,21] 


a'' a'' I 


a a laaaa a OaaaOl 


la^aaOla^l 






48.15.20] 


(il 


Oa-^ (J - 1 1 (J 0(j 1 (J Oaci 1 


(jocillOOo-^ 1 






.51, i:-!, 2(ij 




(il(i"()la" (i()(i"al()l 


«-«-lu-()001 






54, 15, 24 




aall 


a'^a'^a'^laaalaa'^ Oa^Oal 


aOaa^Oa^a^alla^l 






60, 14,28 




a^OaoaOl 


lllaOOaa'-^lOaOa^l 


lOalllaa^ala^oal 


- 




60, 18,25 




aal 


lalaOlaa^a^a^aa^OOa^la^l 


a^a^aOlla^laa^lOl 






60, 19,24 




al 


OOa^a^aaaa^la^la^a^a^aa^ 111 


laa^Oa^lalla^all 






72,21,28 




laal 


OOOalaa^ la^ OOaaaa^ aa^ a^Ol 1 


Oaala^Oa^llaaOOal 






72, 19,30 




ct CtiUUi 


la'^ alOa'^ aOa*^ aaOlaaaaal 


la la a aiiii 






72, 15,34 




aaa'' lalaa'^ 11 


d'' QaOad'' a'' lid'' aaOd'' 1 


OlaalOaOa^a^l 






56.11.29 




IIhI 


Oa^OOaOla^ 


Oa^lHlHo^l 


la-Waala^a^ 




50, 12. 28j 


101 


(ia~ i)(.r alOikm 


a " 1 ( /. " a " ( /. t ) a ( / " a ( / " ( /. " 


(.raOaiia,- 1 




64,13,32 




alal 


llaalOlla^a^a 


a^OOOa 


lOala^Oll 




64,14,31 




101 


OalaOlo^a^Oao^ 


laaa^oOOOa^a^la 


ao^ 11 a^Oaa 




64, 15, 30 




a^l 


aallao^laoaa 


a^a^Olaa^aa^OOl 


la^Olalal 




80, 17, 38 




1111 


a^a^OlaaaoOlo^aa^a 


llallaaOOaaa^ 


a'-^ 1 1 1 aa^ 1 aaa 1 a^ Oa^ 




72,15,34 




la^al 


OalOlla^a^Oaa^la 


aOlOaOa^a^lOaa 


a^Olaaa^ 




96,20,44 




10101 


lla^aOOOllOa^a^aOaa^aa^ 


aO 1 1 laaa-^ Oaaa-^ Oa-^ a-^ 


a^a^lOa^lOa 




96,23,41 




a^l 


Olaa^a^ la^OOaa^ lOaaa^al 


Oaaa'^a-^a'^a-^aaOa'^aOOa'^a'^a 


a'' lOld'' aaa^ laOlalOaa 




112,24,48 




la^aOl 


OOala^ a^ lOOOa^ a^ la^OOaOalOl 


a-^aa^a^a^laa^aOlala^a^llal 


OOa^aOOa^aOa^la^lOl 




112,22,50 




aaa'^a'^all 


a^la^alaOa^a^lllOa^ll 


llala^a^lOallaOa^ 


Oa^Oaaa^ alOOa^ la^a^ 




120,21,57 




aalaa'' a'^llal 


d''la''ad'' aOl laaOOaal 


OOaa^ aa^ la^ Oa^ OOa^ a^ Oa^ a^ 


laaOa^a^lOOa^ 




120, 23, 54 




aOlOaOa^ 1 


la^llaOoOOaa^lOOa 


OlOal lOao^ DOa^ lla^ aa^ 


aaOaa^ OOa^ lal lOOlola 




120, 25, 52 




lla^a^ll 


OOlaOOa^a^la^laaaalll 


d^ Od^ aald^ id^ aaalld^ a 


la''aOOaaa''a'' laOOOaaa''a''a'' Ic 



TABLE m 

Parameters and Generators of the Good non-degenerate skew QC Codes of index up to 4 



Parameters 


fi 


/2 


/3 


U 


[40, 20, 12] 


laaa'' a'^ aaaalaalQlQaaa 


OalOalaallalOaOllOlO 






[30, 10, 14] 






Oa^laa''Oaa''la 




[36, 12, 16] 




011ala^la^0aa''0 


a'' aOOa'' aaallaa 




[42, 14, 18] 




a^a''Oa^d^aaaWOa^OO 






[48, 16, 19] 


OOa^ o,a a 1 1 Oaa 1 a 


OOlOa^Oa^alaOaaa^aa 


a^Wla-'lOlaWaOOa-'O 




[66, 22, 25] 


a''lQaa^a-'alama''QQQlQalaQ\ 


OOlaOa^Ola^Oa^aaaOaOllaaO 


100000a'' 1 lOaaaaa^OaOaOa^a- 




[40, 10, 20] 


T '2 '2 2 2 2 2 2 

la a aa a a a a a 


Oa^lWaa-'all 


a-'aa^aOOOa^a^l 




[48, 12, 23] 




o'^Oaao^ looa'^Ool 


aaaa^a^lOa^a^OOO 


Oa^ooaoaOlo^oO 


[72, 18, 32] 


aOa''llaa''a''Oana''a''Oa''00 


lOOlOllalaOaaOlla^O 


OlOao'' Oa'' aOa^'a'' aOOOOoO 


aolOOOolOoOOloOo'' la 


[80,20,35] 


a^a^llala^allaaOWOOaa^O 


10a''aa"^aalaa'^a0a'^laaa''0a''i 


a''laa^0a''a''llla^01011aala 


10a0a''00a''a^a''110a''a''llaa0 


[96,24,40] 


aOaOOlOlla^ al 1 1 la^ OaOOOa^ 


Oa^lllOOOa^lOOOlOlaaa^Oa^Ola 




aaOlalOla^ 1 aO lOa^ 01 laOOaaa 
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TABLE rV 

Parameters and Generators of the Good non-degenerate skew QC Codes of larger indices 



[60,12,31 


[60,10,33J 


[100,20,46] 


[110,22,50J 


[72,12,38J 


[96, 16,48 J 


[70,10,40J 


L140,20,71J 


[%,12,54J 


[160,20,84J 


[144,16,80J 


lalOlO 


la^OlOa^ 
Oa^lO 


OOlaa^a^Oal 
Ola^la^O 


lOaaO 

a^Ola^lOO 

aOa^aOa^O 


Oa^Oa^Ol 
aa^a^ laO 


mcLa? aa 


Oa^aa^O 
Olla^a 


la^la^aa^ 


a2a2oaa2o 
lOOOal 


aa2a2a2l0 

a200alal 

a,a,la20aa2 


Ilal0a2 1 
a200010aa2a 


aala^Oll 
aa^ laa^ 


aala^la 
OOa^O 


lla^OlOa 


a^aOlOla 

a^la^a^la^ll 

aaa^OOa^l 


aOa^a^al 
a^llala^ 


aaaOini 
lllla^ 10 
^2^2 


aaOlOO 
lOla^ 


a^Ollaa^a 
aOla^aa 


Oa2oiOa2 
a2aaaa2o 


Oaala2oo 

Ia2laa2aa 

a2a0a2aa 


a2a20aaa2 
aa2a2a20a 
lla2 1 


aaaa^ 10 


aOallO 


laaOOla 

lOa^a^aO 
laa^ 110 


Oaa^OlaOa 
lOla^a^a^l 




Ollla^OO 
Oaa 


cfi o? Wo? 


^^^2^^2^^2 

lala^alO 

aa2aaa2o 


laaOla 
lOlaa^a^ 


cp- 100a2ala 
al0a2a20a2 
Oaaa2 1 


01a2 llaa 

Ia01aa2 

la2a 


aOa^Oll 


OOlaa 
laaOa 


laOOa^aa^ 
lOOa^a^aO 
lOlla^a 


lalaOOOO 

aa^a^aOa^l 

lOlala^O 


llaa^OO 
la^alaa 


OalaOa^ 1 

aOOlOl 

a2ll 


nia^ni 

a^Olla^ 


Ia2aa010 
aa2aa01 


a2aa2oaO 
aa2oiQ,2^2 


01a2 Hal 
laala2oi 
la2naaa 


110a2 0aa 

00aaa2a 

^^2^2 


alOOa^l 
laa^ laa 




la^la^laO 

lOa^Olll 

a^Oa^lal 


lOOOOa^O 
a2aaa01a2 


Ia2aa2al 


OOalOa^ 

lalala 

alOa^ 


j^^2^^2^2 


la2oiOaa2 
Iaa2a0a2a2 
aOaOa2 1 


110101 
aOa^aOl 


OalOlaOl 

0a2a2a2al 

a2n0100 


aOlOaOlll 
aa2oa2aa2o 




Oa^alO 








aa? la^ni 
^2^2 ^2^2^ 

01111 


a^aOOlllaOa 


a2 la2oia2a 
10al00a2 
a? aaK^o? 


0aa2 110 
a 2 000 aa 


Iaa00a2l 
o? iniaOl 
01a2o01 


0a0a2l0a2l 
0101111a2 














Oa^lOa^ 


01a2a2 la2a 
a20a2000a2 


a2aaa0a2 
lOa^Oa^a^ 


1011aa2a2l 
a2aaaa2lO 
alla2a2 


aalla01a2 
llala2ala 


















a001a2a2 
a2al0a0 


Ia2a0aal0 
a20aallla 
la^Oa 


al0a2 lOaO 
a2a2ll00aa 






















a2oialaa^l 
OOaaaOa^a 



